We present counterexamples to the claim that the λφ 4 inflaton potential is excluded by recent cosmological data. Finding counterexamples requires that the actually observed primordial fluctuations are generated at the onset of the slow-roll regime of inflation. This set up for the initial conditions is therefore different from the usual scenario of chaotic inflation where inflation starts long before the observed fluctuations are created. The primordial power spectrum of "just enough" chaotic inflation violates scale-invariance in a way consistent with observations. PACS numbers: 98.80.Cq
I. INTRODUCTION AND BASIC IDEA
Cosmological inflation is considered to be the essential mechanism for setting the initial conditions of the standard cosmological scenario. At the same time it provides an explanation for the formation of structures in the Universe and there exists a collection of inflationary models whose predictions can be contrasted to observations. Constraining the space of allowed models of inflation is a major goal of CMB experiments such as WMAP and Planck.
One of the simplest and most popular models of inflation introduces just one self-interacting (real) scalar field φ in the context of the chaotic scenario [1] . In this scenario the fluctuations of matter and space-time observed by means of the CMB temperature anisotropies are created long after the onset of inflation. Observable modes cross out of the Hubble horizon at 50 to 60 e-foldings before the end of inflation, whereas the total duration of chaotic inflation is O (10 3 ) e-foldings. Thus the kinetic energy of the field plays no significant role for the observable fluctuations and the Universe is said to be well within the slow-roll regime. For the dynamical evolution of a particular model assumed to be in this stage, it is justified to apply the slow-roll approximation to the equations of motion and therefore to neglect the kinetic energy of the inflaton. It is within this picture that the λφ 4 potential for inflation has been excluded by recent observations [2] , although including a "curvaton" field relaxes the observational constraints on this potential [3] .
Here we consider a different situation in which the total amount of inflation is not much more than 60 e-foldings. The onset of inflation is thus observable and therefore the effect of the kinetic energy is important. The resulting primordial power spectrum is not scale invariant, as the moment of the onset of the slow-roll regime distinguishes a scale. We find that a negative running of the spectral index is a feature of this scenario. This also means that the Universe undergoes only a small amount of inflation * Electronic address: eramirez@physik.uni-bielefeld.de † Electronic address: dschwarz@physik.uni-bielefeld.de before entering the slow-roll regime. Although not in accordance with the generic initial conditions of chaotic inflation, such a situation cannot be discarded on grounds of current analysis and observations. This new scenario of "just enough" chaotic inflation seems to be generic if two fundamental energy scales are relevant in the very early Universe. The Planck scale M p is the fundamental scale of quantum gravity. The notions of spatial curvature, expansion rate H and kinetic energy density 1 2φ 2 seem to be well defined and real quantities, at least up to that scale. However, this is less clear for the effective potential V of the inflaton. The effective potential carries all information about all the interactions of the inflaton except its gravitational ones. There exist examples of (low-energy) effective field theories whose potential becomes complex or show a singularity at some high-energy scale that is still well below the Planck scale.
The standard model of particle physics is one of these examples: The quartic self-coupling of the Higgs runs with energy. Except for a very heavy Higgs, the selfcoupling decreases with increasing energy scale and can even become negative at high energy. The effective Higgs potential is real as long as the quartic coupling is positive, but becomes complex as soon as the self-coupling runs to negative values. Thus the standard model provides an example in which loop corrections give rise to an imaginary contribution of the effective potential. Such an imaginary contribution would give rise to the decay of the Higgs field. [4] .
A fundamental energy scale M acting as an upper bound on the effective inflaton potential also shows up in supergravity models. The effective potential becomes too steep for inflation at some high energy scale. Although this mechanism gives rise to a low-energy potential that does not directly apply to the case we are considering here, it is an example of an upper bound for the validity of the inflaton potential [5] .
Motivated by these examples, here we consider the possibility that there exists a second fundamental scale M < M p that sets an upper bound for the validity of a description in terms of an effective potential V < M 4 . Above this scale, the potential might be complex, giving rise to the decay of the inflaton. In the context of chaotic inflation the inflaton field takes values well above the Planck scale, which is also the case in our scenario, nevertheless this will not prevent the potential to be of the order of M 4 at the onset of inflation and below during its evolution. Thus just enough chaotic inflation follows generically from assuming that the Heisenberg uncertainty provides us with the initial conditions
p as there exists a fundamental scale M < M p above which the inflaton is unstable. As will be shown below, the current observational constraints are consistent with the assumption that this scale corresponds to that of grand unification theories M ∼ M GUT .
II. φ 4 INFLATION
We assume the homogeneity, isotropy and flatness of the Universe from the onset of inflation, although this is certainly a very rough approximation only. The equations of motion are then
a prime denotes a derivative with respect to the field,
GeV is the reduced Planck mass. For the numerical analysis we rewrite them as
Our convention isφ < 0 ⇒ H ′ > 0 and H ≡ dN/dt with t cosmic time, therefore dN > 0 as dt > 0.
For V = λφ 4 /24, a value of λ ∼ 10 −12 is required to get at least the normalization of the inflationary fluctuations right.
Below we make use of the horizon-flow functions ǫ n [6] , which are a generalization of the slow-roll parameters and are defined recursively:
H i refers to the initial Hubble rate (at N = 0). For single scalar field models of inflation, the first horizon flow function has the simple interpretation to be proportional to the ratio of the kinetic energy density to the total energy density of the field,
In the slow-roll approximation, the horizon-flow functions can be related to the usual slow-roll parameters [7] .
A. Initial Conditions
In order to solve the horizon and flatness problems at or close to the Planck scale, we would need at least 50 e-foldings. For the λφ 4 potential we can use the slow-roll approximation to estimate the amount of e-foldings to the end of inflation as
Thus we need to specify the initial conditions of inflation at φ i ≥ 20M p .
In the spirit of chaotic inflation we would expect that
As mentioned before, we explore here a situation where perturbations are evaluated just before the onset of the slow-roll regime and thus must limit the potential to
p . This implies that ǫ 1i ≈ 3, since V ≪φ 2 . Inflation requires ǫ 1 < 1. This means that the Universe starts in a kinetic energy dominated regime. Due to the Hubble drag the kinetic energy density decays quickly and the dynamics becomes dominated by the potential energy density. Inflation starts and a slow-roll behaviour is approached. One has the freedom to choose 0 < ǫ 1i < 3; in particular, ǫ 1i ≃ 2.9 is compatible with chaotic inflation since the evolution of the system will drive it rapidly to the slow-roll attractor [8] .
For the initial Hubble rate and the number of efoldings, we use:
Starting from an initial condition as specified in the preceeding paragraph and the use of the horizon flow functions, allow us to find different results from the ones already reported for the λφ 4 potential. The exclusion of λφ 4 inflation is obtained in terms of parameters that measure the ratio of the potential to its derivatives,
. In doing so, one implicitly assumes the validity of the slow-roll approximation and therefore omits the contribution of the kinetic energy before inflation starts, which in time excludes different possibilities for its set up.
In Figure 1 we can appreciate this difference; the region of slow-roll in both trajectories is the same, except that the horizon flow functions account for the full dynamics. The evolution of ǫ 1 and ǫ 2 agrees with that of ǫ V and 4ǫ V − 2η V within the slow-roll regime, but differs significantly at the onset of inflation and by a smaller amount towards the end.
B. Spectrum of Density Perturbations
An important condition that any inflationary model must fulfill is to produce the observed amplitude of the power spectrum of scalar perturbations by the WMAP team [2] . We follow the convention of WMAP5 and approximate the amplitude by a powerlaw:
where n s −1 is the spectral tilt. A * indicates the scale at which perturbations are evaluated. A denotes the firstorder correction to the amplitude of the power spectrum in terms of the horizon-flow parameters [9] :
where C ≡ γ E + ln 2 − 2 ≃ −0.7296 and we have kept contributions of O(ǫ i ) only . The approximation given by Eq. (7) does not consider the inclusion of running of the spectral index, in our results we obtain running and therefore make use of the power-law approximation for this situation given by:
where dns d ln(k/k * ) is the running of the spectral index.
The
C. End of Inflation and Pivot Scale
The end of inflation is given by the condition ǫ 1 = 1 that fixes the total number of e-foldings N e , and the value of the field at the end of inflation φ e . Let ∆N * ≡ N e −N * be the number of e-foldings between horizon crossing of the pivot scale k * and the end of inflation.
For the comparison of the theoretical power spectra with observations, we choose values of ∆N * within a certain interval. Then we calculate the pivot scale k * = a * H * . In order to do this, one needs a model of reheating, and for the moment we assume sudden reheating to a radiation-dominated Universe at the end of inflation, which means that our values are upper estimates for ∆N * .
We know that,
with ρ r = (π 2 /30)gT Ve g being the energy density and temperature at reheating. g is the effective number of relativistic helicity degrees of freedom. Above T ∼ 100 GeV we take the value g = 106.75. Therefore, for the pivot scale k * = a * H * we have from k(φ)/k * = e ∆N H(φ)/H * , where ∆N = N (φ)−N * and with a 0 = 1:
where the redshift to the end of inflation is given by the ratio of today's neutrino temperature to the reheating temperature.
D. Methodology
Our scenario of inflation is controlled by three parameters: the initial value of the inflaton field, φ i = a M p , the initial value of ǫ 1 and the scale at which one evaluates the perturbations, namely, the value of ∆N * . This last point has to be considered carefully since an initial value of ǫ 1i > 1 gives less inflation on the whole trajectory than a value of ǫ 1i ≈ 0. Additionally, we want to evaluate perturbations at the point when |ǫ 2 | ≪ 1 and ǫ 2 < 0. The reason being that the case 0 < ǫ 2 < 1 gives the values already excluded by the WMAP plus baryonic acoustic oscillations plus super novae (WMAP+BAO+SN) analysis. A ∆N * lying on the region where both trajectories in Fig. 1 are the same, will resort to values of r and n s already excluded. Tensor-to-scalar ratio r versus the spectral index ns for the three models detailed in Table I 
III. RESULTS
For our results we set λ to 10 The interval of values for a assures that the value of φ i is well above 3M p (the end of inflation) and allows for at least 50 e-foldings, corresponding to the lower limit of the interval. The upper limit takes into account that during the onset of inflation the short epoch of fast roll does not give rise to an exponential expansion of the Universe. The location in parameter space for three cases are shown in Figure 2 and their predictions given explicitly in Table I . From the figure, it is possible to appreciate that the values for the tensor-to-scalar ratio r are approximately the same as in the usual slow-roll approximation, since the interval of values of ∆N * is concentrated around 60 e-foldings. The crucial difference is given by the value of ǫ 2 * , which at this level of approximation enters only in the spectral tilt and 'shifts' the points towards the right. These results cannot be obtained in a model that considers initial conditions for the system in the slow-roll regime. Our results for the spectral index are consistent with the bounds of WMAP5 for Running+Tensors at the 2σ level, the running and the tensor-to-scalar ratio as well as the amplitude of the spectrum are inside the 1σ interval.
For the second of the examples shown in Table I the spectrum produced and the approximation given by Eq. (7) and Eq. (9) are presented in Fig. 3 . The zoom in the figure gives an idea about how the spectrum looks in the actually observed region of the power spectrum.
The difference between the spectra produced using ǫ 1 , ǫ 2 and ǫ V , η V can be appreciated in Fig. 4 , the region shown corresponds to the onset of the slow-roll regime during which the behavior of both is indistinguishable. Before the point where fluctuations are evaluated at k < k * , there is however, considerable difference between both of them as a consequence of the dynamics. In Fig. 5 , the running of the spectral index,
shows that perturbations are evaluated when the system has not yet arrived to the region when the spectrum can be approximated completely by a power-law. The value of the running is negative for all cases and of order O(10 −2 ). This can be explained by noting that at the point where perturbations are evaluated, ǫ 2 has not yet arrived to the slow-roll regime [6, 10] . In fact it is going to change sign and thus higher-order horizon flow functions will diverge at that point, which just means that the slow-roll approximation cannot be applied. Strictly speaking we should solve the mode equations for the per- 0.010 turbations numerically to obtain a more reliable result. However, it seems to us that for a first study of our scenario the current level of sophistication is good enough.
The values of the scale k * at which perturbations are evaluated for our results are bigger by a factor of 5 than the pivot scale used by WMAP5. One has to bear in mind the uncertainty due to assuming sudden reheating for obtaining these numbers.
The initial value of the potential at the Planck scale is determined by the quartic coupling λ and φ i , these two numbers set the potential to 8 orders of magnitude below M 4 p . This confirms the scenario described above, which differs from the usual "chaotic" initial conditions where kinetic and potential energies are of the same order of magnitude initially. We have seen that the initial condition of ǫ 1 very close to 3 is needed in order to also have H i of the order of the Planck mass. This initial condition has also allowed us to obtain acceptable values for the inflationary observables.
However, from Table I it is possible to see that an initial H i ∼ M p is not a necessary requirement to ensure acceptable r and n s ; an initial value as low as 0.77 for ǫ 1 gives also acceptable models. Therefore, an initial ǫ 1 that gives convenient values for the observables need not be arbitrarily close to 3, but only outside of the slow-roll regime. Nevertheless, in our scenario a value of ǫ 1i ≈ 3, seems most natural to us.
IV. CONCLUSIONS
From the results shown in Figure 2 and Table I , we conclude that the λφ 4 inflaton potential is not excluded. This conclusion is obtained within a set up that allows for the existence of a fundamental maximal scale of the inflaton potential V ∼ M 4 , which is well below the Planck scale M 4 p at the beginning of inflation. Such a scale arises naturally in the context of the standard model of particle physics and some of its suggested extensions. Loop corrections to the effective potential might become imaginary, leading to a destabilization of the inflaton field. In supergravity theories of inflation the potential might become too steep. Both instances would define a scale M < M p . Below M all interactions apart from gravity are taken into account by the effective potential. From the results of Table I , it is consistent to assume M to be the scale of grand unification (GUT scale), which is at least a pleasing coincidence.
The use of the horizon flow functions instead of the potential slow-roll parameters allowed us to follow the cosmological evolution from the onset of inflation for the model considered here. The difference between both approaches has also been shown in more complicated models of inflation like the hybrid inflation scenario [11] .
As is obvious from Fig. 4 , the power-law approximation either with running or without it, is not describing the actual power spectrum very well. Both of the approximations overestimate the power at large length scales, the approximation without running is closer to the true amplitude on small scales. The approximation with running significantly underestimates the power at small scales. This implies that for a detailed analysis of the epoch of the onset of slow-roll, we cannot just take the published fits from the WMAP analysis on ∆ 2 R , n s and r, but we should run a new Markov chain Monte Carlo integration. The fact that we find values of correct order of magnitude makes us confident that a more refined analysis will also allow us to find a good fit. The calculation of the power spectrum itself should be based on a numerical mode-by-mode integration, as the expansion in horizon flow functions that we are using here is at best an estimate of the true power spectrum. The usual slow-roll approximation, as argued above, is even worse.
As already noted, we find a power spectrum that is not featureless. The amount of running is in agreement with observations. On top of that, we find a suppression of power on the largest scales. This suppression could be linked to the lack of CMB correlations on large angular scales [12, 13] . In order to explain the lack of power on large scales it was proposed before to consider a period of fast-roll at the beginning of inflation and to have only 60 to 65 e-foldings of expansion [14, 15] (very much like in our scenario), or to assume a fast-roll epoch in between two epochs of slow-roll [16] . The difference to our work is however, that different inflationary potentials have been used and it seems to us that our set-up is more natural. Apart from the lack of large scale correlation, the observed alignment of quadrupole and octupole [17, 18] could be a remainder of the not yet perfect statistical isotropy at the onset of inflation. A detailed study of those aspects is beyond the scope of this work.
This alternative set up for inflation, based on the existence of a second fundamental scale M < M p , leads us to the consideration of models that are not properly described by slow-roll inflation (but nevertheless contain an
